UNIVERSITY OF ILLINOIS

AT URBANA-CHAMPAIGN

Frequency Domain Analysis of Linear
Circuits Using Synchronous Detection

Physics 401, Spring 2019

Eugene V. Colla




The main issues of this week lab:

1. Fourier Transform and using FFT
in data analysis.

2. Lock-in amplifier and frequency
domain technique

3. Data analysis using OriginPr¢ :°
— nonlinear fitting
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1. Fourier Transform and using FFT ::
in data analysis. :
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in 1822, Jean Baptiste Fourier developed the theory that shows that any
real waveform can be represented by the su @ﬁr sinusoida IJ waves.
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Let we try to create the square wave as a sum of
sine waves of different frequencies

Square wave.
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Fourier Transform

The continues Fourier transformation of the signal h(t) can be
written as: +oo .
H(f)= j h(t)eZtdt; j=v-1

H(f) represents in frequency domain mode the time domain signal h(t)

Equation for inverse Fourier transform gives the
correspondence of the infinite continues frequency
spectra to the corresponding time domain signal.

h(H)= [ H(Pe"df

In real life we working with discrete representation of the
time domain signal recorded during a finite time.

I
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Discrete Fourier Transform

It comes out that in practice more useful is the representation the
frequency domain pattern of the time domain signal h, as sum of
the frequency harmonic calculated as:

1 N-1
Hn=H(fn)=N hkeZﬂkn/N

k=0
A is the sampling interval, N — number of collected points
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Discrete Fourier Transform

For periodic signals with period Ty:

4 )
a & 2zrnt 2 2zrnt
F(t)=—+) a cos| —— [+ ) b sin| ——
=%+ Sa.oof T e S on[ %
g J
/ To To \
an=£jF(t)cos(@}dt; bn=3jF(t)sin(@ t
TO 0 TO 0 0 0
e
%=—ijm
TO 0 /
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Discrete Fourier Transform

Now how | found the amplitudes of the harmonics
to compose the square wave signal from sine waves of different frequencies.

Time domain signal
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Decomposition the signal into the sine wave

harmonics. The only modulus's of the harmonics
amplitudes are presented in this picture.
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The main issues of this week lab:

2. Lock-in amplifier and frequency
domain technique
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Frequency Domain Spectroscopy

(linear system)

Applied test signal Response of the studied system

Studied | p——
object ,Sin(t)+B,cos(wt)

We applying the sine wave signal to the tested object

and measuring the response. Varying the frequency we

can study the frequency properties of the system.
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Lock-in amplifier

Now about the most powerful tool which can be used in frequency

domain technique.
®

Signal
®—— amplifier g
| output
«\ |Low-pass|] | DC
PSD filter "lamplifier [®
Reference in
o ** o
® g VCO g ‘PSD - phase sensitive detector;
“VCO - voltage controlled oscillator

Reference out ®

I

John H. Scofield
American Journal of Physics 62 (2)
129-133 (Feb. 1994).
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Lock-in amplifier. How i

(===

works.

Signal AN
/\ . 1 J\./\ R —

DC output

A

C ——
\Y

Reference

The DC output signal is a magnitude of the
product of the input and reference signals.
AC components of output signal are
filtered out by the low-pass filter with time
constant t (her ==RC)
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Lock-in Amplifier. What is the Advantage of
Using Synchronous Detecting?

DMM, lock-in etc.

@ é; UIEE S ey, Results as DC voltage

equipment corresponding Uye
URMS amn

@@ R Signal — NN /\ -
PSA) R

Reference

¢ ninl

O 5 O

0
|
1l
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Lock-in Amplifier. What is the Advantage of
UJsmg Synchronous Detecting?

@ Clean sine wave - no “noise”

£> —

Upc=0.63643V

u(v)

We need to measure the amplitude/rms
value of the sine wave

I
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Lock-in Amplifier. What is the Advantage of
UJsmg Synchronous Detecting?

@ “Noisy” sine wave
: T Upe=0.64208V
oty o e compare to
Upc=0.63643V
I
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Lock-in Amplifier. What is the Advantage of
@ UJsmg Synchronous Detecting?

Clear sine wave — no “noise”

} ) U, =0.63643V

1000
time (s) lock-in: Graph1 time (s)

“Noisy” sine wave

N =) U,.=0.63643V
—
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Lock-in Amplifier. Phase shift.

y In_Sln(O)t+TC/4)

o=n/4, V, ,=0.72V,_
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Lock-in Amplifier. Two Channels Demodulation.

In many scientific applications it is a great advantage to measure both components
(E,, E,) of the input signal. We can use two lock-ins to do this or we can measure
these value in two steps providing the phase shift of reference signal 0 and /2.

Much better solution is to use the lock-in amplifier equipped by two demodulators.

Ein:EOSin((?t+¢) to E, channel ‘:‘ y
sinfwt) ¥ [ gl X X,
to E, channel
cos(mt)

1/28/2019
illinois.edu
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Digital Lock-in Amplifier

N
———| Input

Digital interface

|

-~ ADC

DSP

External reference signal

Asin(ot+d)
<

Internal
Function
generator

DAC

—

/

Analog outputs
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SR830. Digital Lock-in Amplifier

In SR830 manual you
can find the chapter
dedicated to general
description of the lock-
in amplifier idea

I  SR830 BASICS IE

WHAT IS A LOCK-IN AMPLIFIER?

Lock-in amplifiers are used to detect and measure experiment at the reference frequency. In the dia-
very small AC signals - all the way down to a few gram below, the reference signal is a square wave
nanovolts! Accurate measurements may be made at frequency .. This might be the sync output
even when the small signal is obscured by noise from a function generator. If the sine output from

\\engr-file-03\PHYINST\APL Courses\PHYCS401\Common\EquipmentManuals

I
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Digital Lock-in amplifier. SR830
Time constant o
Ancr output filter Sensitivity Auto functions

Channel#1 Channel#2__ /

13513

o8

Function

Notch filter Interface t
. Analodg outputs , generator
settings 9 P settings

I

Inputs
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Experiments. Main idea. Investigating the
frequency response of circuit.

al(0)

Vin((’)) — — i;out(m)

Frequency domain representation of the system

N Q)
Response function - H(®) = vout( )

Vin ((’0)

Linear systems are those that can be modeled by linear
differential equations.

I
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Application of the Lock-in Amplifier for
Study of the Transfer Function of the RLC Circuit

[FEEFE gb

FG output

e
out  getup for measurement of
the transfer function of
the RLC circuit.

h( (.U) — out
e.

n

I
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The main issues of this week lab:

3. Data analysis using OriginPr¢ :~ \
— nonlinear fitting -

I
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Ex penmentrs, Main ldea.
of the Response Function in

Calculatio
Fr @q lency Domain Mode.

Example 1. High-pass filter.

C 21
I O O— ——CO
Valo) Voo T T 0) 22 || Vo)
O O O —O

: . = . . Z2(w)
Applylng the # ﬁ/out (w) =H (w) *Vin(w) =Vin (CO) = 5 }
Kirchhoff Law to 2l@)+22(w)
this simple network

I
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Experiments. Calc IJt on of the Response Functi

({

°
6
=

in Frequency Domain Mode. High-pass Filter

| C
o—|| O -
B Ideal case More realistic
Vin(m) vV N ﬂ \
R Vowr(®) /ZR =R \ ZR:R+...
O O ZL = _]0) | ZL:jO)L+RL
i = 1 1
ZC:%:_L@ Zc:jcoC:jcoC+R
@ @
_ W, \ Y

Ef (@)= H(@)*V,,(®) =V, (@) = j)i(“zi)z (w)}

I

1/28/2019 27

illinois.edu



Exgeriment Calc

IJt on of the Response Functi

({

°
6
=

in Frequency Domain Mode. High-pass Filter

o

O
vm(m) Vout(c‘))
R
O O

|‘~|((0)= He(@)+ JH, (@) =

where 7= RC =@, ";

T — time constant of the filter
M - cutoff frequency

R  JoRC  jJor = or

R.|.1 1+ JQ)RC _1+ ja)r_(1+w272)(w7+]);
JoC

H(@)|=yHS+H,*

= il ; O(w)=arctan (H'(w)) = arctan (i)
\/1+(an')2 He(®@) ot

-

1/28/2019
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Experiments. Calc ﬂ ition of the Response Function
in Frequency Domain Mode. High-pass Filter
| C
O_|| O s hi-pass filter: C=20nF,R= 20K
V. _
(@) Voue(®) :
R 0.4;
O O _
s ”
>° 0.2:
> “'1.:12 | “.“'1';)3 | ......1.04 | “.“'1';)5
f (Hz)
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High-pass Filter. Fitting.

s w0 + SER BFE & |
Tools | Format  Window Helpf
’\/In

Cptions... ’\/
System Variables... out

Protection

‘H(m)‘=@*\/ . 7=RC

+(a)z')

Fitting Function Builder...

|
Fittihg parameters: VO’ T, Voff W0 kau Vo

Farameters | Conztants

Faram | Uit | Meaning | Fized| [nitialValue | Significant Digits

W1 7 [ 1 Syztem E|
tas ? [ 1 Syztem E|
Woff 7 [ 1 System [l

Funchion Body [Dependent W anables ; p)

bt : =2 pitttautegrt]1 +[ 2 pitau] 2]+ off
Fitting function mm)p ¥ pi*wtaudsgqrt1+[2%pittau] " 2]+vo

(1]
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Experiment
in Frequ

s. Calculation of the Response F
lency Domain Mode. High-pass Filter.

o

O hi-pass filter: C=20nF, R=20K
Vin((')) V (0)) 70 ‘ i
out 3 o
= oF f(w,) = arctan(l) =45
O O ;
—_ EEbtrEee ey K-~~~ T-""""""“------F---
o 40
S E
S 3
30 F
3 f.=398Hz:
20 —
10
0 ' ' :
10 10° 10
f (Hz)
T
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Experiments. Calculation of the Response Function
in Frequency Domain Mode. Low-pass Filter
R . low-pass filter C=5nF, R
04 \uf“ . \ f
O—\VvVvVv\ve—() . Vﬁ\\ ) \%145"
. Vol - s B
Vanlo) —— Vou e N
O ® O f (Hz) f(Hz)
1
- _ joC 1 1 (1-jor) .
H(@)=H.(0)+ jH (@)= - - - :
joC
where 7=RC = @";
= \/H S H+H = 1 = 0(w) = arctan(:::'((w;) = —arctan(an')
@
\/1+(an') R
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Application of the Lock-in Amplifier for
Study of the Transfer Function of the RLC Circuit .

. L
Z
UC=Uin. . -
)00 Z.+Z, +R
1

C o

Uin T UC _ JoC
——+ |joL+R
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Application of the Lock-in Amplifier for
Study of the Transfer Function of the RLC Circuit .

2
1{“’} — jwCR
UC 1 a)O

U (1-@°LC)+ joCR VY
1-() +w°C*R?
wO

)

U

x*

b o=t .V=Q.Q_1 L.
> JLec’ e, T R\CT
.V
1-v*)—j~ , J
H = ;0 =—tan™ 2
(1—1/2)2+(‘;2 Q(l—v )

I

1/28/2019 34

illinois.edu



Application of the Lock-in Amplifier for
Study of the Transfer Function of the RLC Circuit .

20 "
v
= A
10
8k 12k 16k 20k

f (Hz)
The resonance curves obtained on RLC circuits with
different damping resistors. 1
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Application of the Lock-in Amplifier for
Study of the Transfer Fun t ion of the RLC Circuit

100 E

80 E

60 E

40 E

20 E

0 E

0(°)

-20 E

-40 E

-60 E

-80 E

-1005. P e T o T B T S I S S FENEES Ty SEET! EEETTETE ITTTTETT [TTTSTTO FOOTOTen
6k 8k 10k 12k 14k 16k 18k 20k22k

f(Hz)

The resonance curves obtained on RLC circuits with
different damping resistors T
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H

—

|

Fitting. RLC Resonance Circuit.

2
20 - Model- I 2;25?;?;:[;0 (User)| ‘ I ] (1 _ ,YZ )2 + l
N ﬂ Equation ;’;;)qu(((ﬂ—g 2)"2+(g/Q)"2)/((1-g"2)"2+g/Q)"2 Q w

Reduced 2.75573E-4 H — . 'Y —
' )

[ Chi-Sq 2

B Adj. R-Square 0.99998 2 w

B Value Standard Error 2 y 0
15 [~ wo 57400.8488 061174 |1 l - 'Y 4+ X

L H Q 19.31773 0.00457 Q

10 ﬁttmg function for |H|
I

s / variable parameters:
: \ ®, and Q

D-IIIIII I T T T T | NN EETY FRERE RN FRRRRRE T IR I
6k 8k 10k 12k 14k 16k 18k 20k 22k

f (Hz)

I
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Application of the Lock-in Amplifier for
Study of the Transfer Function of the RLC Circuit

R R, Actual damping resistance is
asum of R, R, (resistance

of the coil) and R, (output

resistance of the function

U. C — |y, 9enerator)

k

o—

Actual R calculated from fitting pars
R=0; R, =35.8Q; R,,=50Q2 is~88.8Q what is reasonable close

to 85.8Q2

I
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Tl
—
L::.

)

ing. RLC

Resonance Circuit.

0 =tan™ (Ij
X

g Model teta:risﬂ (QSer)
80 E Equation Aok SR -
3 Reduced 0.24663
3 Chi-Sar
60 é | R Square 009781 Value Standard Error B measured
= Q 20.90611 0.04599
40 E | wo 57533.78208 0.59033 | | |
g \ off -0.7066 0.01378
20
3 N 1 ©
&, N 0 =-tan v ~ Y= —
s =5 = Q(1-v*)) " o,
20 \\
"
cof fitting function
-80
00 Bt bt L Variable parameters:
6k 8k 10k 12k 14k 16k 18k 20k 22k d
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From Time Domain to Frequency Domain.
Experiment.

Wavetek Lock-in SR830

Out Sync input Reference in

F(t) - periodic function F(t)=F(t+Ty): (T

: \.
Vol
T q _3.‘- OF(t)COS( ”nt]dt
it Frequency " T, :
N |
domain * p =2 TOF(t)sin(ZEntjdt;
s 14 T TO' To
2 10 g
Time domain pattern 8, =—, F(t)t

] 0
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From Time Domain to Frequency Domain.
Experiment with SR830. Results.

Vif
Time domain :
B measured | |
v calculated
| IR
Spectrum measured by Harmonic number

I

1/28/2019
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From Time

Domain To Fr
FFT using Origin. Re

Vu .50 £
025 |
n.oo:-(____'_— x
0.25
-0.50 | e ] ttmemer
0.0 0.5 1.0 15
time (ms)

Time domain taken
by Tektronix scope

=

(S

-/

guency Domain.

sults.

Data file can be used to convert

time domain to frequency domain

Analysis

Gadgets Tools Format Window Help

Statistics
Mathematics

Data Manipulation
Fitting

Signal Processing ]

Peaks and Baseline

1 Peak Analyzer: <Last used>..,
2 Peak Analyzer: <default=..,
3 FFT: < default=...

4 FFT: <Last used>...

5 Integrate: <Last useds=..,

6 Integrate: < default=...

7 Subtract Straight Line...

8 Differentiate: <Last used=..,
9 Differentiate: <default>...

10 Naonlinear Curve Fit: <default>...

4

* |  * w v w

e - BERIBS & [QAEFg g
PV WA R |0 ~|lC— ~|lo
Project Explor
CaFFT1
Smooth » a Fold
EFT Filters...
[ EET ] Wi EFT } 1 «<Llast used>
4
R D FFI Open Dialog... ]
) IFFT... ——rnoee—
Convolution... @
20 Correlation Ll TR Square |
- . STFT... ESquare_t
Deconvolution... ESquare_t
Coherence... ﬁBookl
""" =| Graphl
Correlation.., .
B Graph2
Hilbert Transform... Graph3
& Graph11
B Peakﬁm
Decimation... | Graphl2

1/28/2019
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From Time Domain to Frequency Domain.
FFT using Origin. Results.

0s0 [y ] 0.88
V!

0.8

0.6

> 04

T e Iy
0.5 1.0 15

0.2

Time domain taken by
Tektronix scope

0.0

l 0.29
0.18
0.1
0.1 i
|1 oo oogoagon
5 15 20

Harmonic number

Spectrum calculated by Origin. Accuracy is |
limited because of the limited resolution of

the scope

I
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From Time Domain to Frequency Domain.
Using of the Math Option of the Scope.

n.zsg— 087
a;______T | 0.8
| 0.6
. time (m:; " >= 0.4
Time domain taken by 0.29
Tektronix scope o2 017
0.0 I 1 0:11 0.01 0.07“ D'Di O'OEI 0 Oq
Spectrum calculated by ’ ¥ 0 '8 2
TEktr‘Ohix scope Harmonic number
Accuracy is limited because of the |
limited resolution of the scope
I
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=

From Time Domain to Frequency Domain.

Using of the Math Optio

Trlg d

Tek Run | - 1

-----------------------

:T--I-:-----:tpdilcﬁ1n'_-réﬁl¢-n

A 360mMV
@ 984mv

2.500kHz

1 Definition
i Source to : : : : :
Ch1|

En LER - -
[ichi

iV athi

200mv

Chil Ampl -
5.52 V

12.5kHz 11++.0.00000 s ; ;

1 Vert Scale to
i |Linear RMS|

1 Window to
: Rectangularl

Dual wWfm
Math

Spectrum of the square wave

signal

FFT

on of the Scope.

Trlg d

Edit Math

Set FFT

Tek Run_ _ E :

- 360mv
@:  360mV

Ch1 Freq
2.494kHz

Set FFT

Set FFT [ o

lllllllllllll

FoUorc Ch1 Ampl
232my

‘Math- 10.0my 12, 5ng i#+7.0.00000s ;

Coupling Invert
DC Off

Bandwidth Fine Scale

Position Offset

200mV | 400 div

Zdiv

0.000V

Ch1 Coupling
& Impedance

e

AC "y

GNDA

Probe
Setup
1X

Spectrum of the pulse signal

1/28/2019
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From Time Domain to Frequency Domain.
Different Waveforms. Using Lock-in.

V(V)
Vh

0.2 |- ‘
/ 0.0 ki ‘|||||I|IIII||||||II
-16 0 5 10 15 20
Harmonic number

-1
time (ms)

V(V)
Vi

||||||||II I|I||II|||
20 40

pulse
I
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Appendix #1

Origin templates for the this week Lab:

Time trace: input signal
1 0 E
s ;
x 4 E
10° ;
.2 z_
5 3E
10 = S F
0 2
® 4
c 4F
-40 (=2 3
Tz
o_ -8 -5 E
@ :
120 6 _
Tx:
..............................................
f (Hz) 0 1 2 4
time (ms)
Physics401

1/28/2019
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You can find a soft copy of this book in:

\\engr-file-03\PHYINST\APL Courses\PHYCS401\Experiments\DSP and FFT
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file://engr-file-03/PHYINST/APL Courses/PHYCS401/Experiments/DSP and FFT

Appendix. Using OriginPro for fitting

Some recommendations how to use OriginPro nonlinear fitting option

You can find some examples of OriginPro projects and some recommendation
how to do the analysis in next folder:

\\enqr-file-03\PHYINST\APL Courses\PHYCS401\Students\3. Frequency Domain
Experiment. Fitting

An example of Origin project Mame

\

Slides with results of fitting for all @@l Fitting example.opj
studied in this Lab RLC citeuits ™ —
B Fitting examples.pptx
Some recommendations how to write —_—

the fitting function and start the fitting process =% fitting recommendations.pdf

"= RLC mod.fdf

Examples of fitting functions which can

|
be used for fitting in Origin _ =~ RLC_phase.fdf

I
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https://courses.physics.illinois.edu/phys401/sp2018/Files/Misc/RLC_fitting/fitting recommendations.pdf
file://engr-file-03/PHYINST/APL Courses/PHYCS401/Students/3. Frequency Domain Experiment. Fitting

